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Abstract: 

It is proved that density plays a crucial role in the structure of quan- 
tum field theory. The Dirac and the Klein-Gordon equations are examined. 
The results prove that the Dirac equation is consistent with density related 
requirements whereas the Klein-Gordon equation fails to do that. Experi- 
mental data support these conclusions. 



The present work reviews very briefly the first steps taken by the standard 
method of constructing a quantum field theory. Then, the need for a self- 
consistent expression for density is discussed. Later, this general analysis is 
examined for the specific cases of a Dirac field and of Klein-Gordon (KG) 
fields. The discussion contains new results proving the significant role of 
density in the structure of quantum field theory. Some concluding remarks 
follow. 

Herein, units where h — c — 1 are used. The metric is diagonal and 
its entries are (1,-1,-1,-1). Greek indices run from to 3. The subscript 
symbol ijU denotes the partial differentiation with respect to x^. An upper 
dot denotes a differention with respect to time. Only one kind of dimension 
is required for the system of units used here. Thus, dimensions of a variable 
are denoted by an expression of the form [L n ], where the letter [L], enclosed 
by square brackets, denotes the unit of length (and should be distinguished 
from the Lagrangian L). 

A standard method of constructing a quantum field theory (see e.g. [1], 
Section 11.3) begins with the equation of motion of the specific field discussed 

Oi> = 0, (1) 

where the operator O denotes the field's equation. At this point, a La- 
grangian density £ is defined. This Lagrangian density yields an expression 
for the action of the system 

1 = J Cd 4 x. (2) 

C is defined so that an application of the variational principle to its action 
reproduces (1). 

The Hamiltonian density can be derived from the Lagrangian density C. 
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Thus, 



n 




(3) 



A spatial integration of (3) 



H 




x 



(4) 



yields the Hamiltonian for the field equation (1). 

An alternative and equivalent procedure can be taken. In this case, the 
Lagrangian L is obtained as the spatial integral of the Lagrangian density C 
and the Hamiltonian is derived from this Lagrangian. These alternatives are 
equivalent and, as shown below, both require a self-consistent expression for 
density. 

These steps provide the basis for other steps taken for accomplishing the 
structure of the theory. The objective of this work is to analyze the physical 
meaning of the operations that begin with (1) and end with (4). The structure 
of (1) can be treated in a mathematical sense as an eigenf unction/eigenvalue 
problem. The following analysis aims to show how expressions obtained along 
the way from (1) to (4) acquire physical meaning and physical constraints as 
well. 

The left hand side of (2) is dimensionless. Therefore, since the dimension 
of d 4 x is [L 4 ] , one concludes that the dimension of the Lagrangian density £ 
is [L~ 4 ]. It follows that the form of the operator O of (1) boils down to the 
Lagrangian density and affects the dimension of the wave function. Thus, one 
realizes that the construction of the Lagrangian density changes the meaning 
of the wave function: in (1) it is a complex mathematical function whereas 
in the Lagrangian density it acquires dimensions. This point is used below in 
an analysis of two specific cases, the Dirac field and the Klein-Gordon fields. 

Now let us turn to the integral (4) where the Hamiltonian H is obtained 
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from the Hamiltonian density 7i. For this end, the form of the Lagrangian 
density C should be examined. Since the operator O is independent of the 
wave function, one finds from the Euler-Lagrange equation 

_d_d£ L _d£ = 

dxP&ty^ dtp { ' 

that the Lagrangian density is a quadratic (or bilinear) function of the wave 
function ip. Evidently, the equation of motion (1) retains its form if one 
multiplies the Lagrangian density £ by a numerical factor. On the other 
hand, the Hamiltonian (4) represents energy and, for a given system, it 
should have a specific eigenvalue. 

This problem is settled by means of a normalization procedure where the 
wave function ip is multiplied by a normalization factor which guarantees 
that the integral (4) takes the correct value. Thus, there is a need for a 
physically selfconsistent expression for density. 

Now, the integral of density is a Lorentz scalar, because the particle 
is found in all Lorentz frames. Hence, one may take the requirements for 
particle density from electrodynamics where an expression for charge density 
is readily found (see [2], pp. 69-73). Thus, in a quantum theory, density 
must satisfy the following requirements: 

A. The dimension of density is [L~ 3 ]. 

B. Density is the 0-component of a 4-vector j». 

C. This 4-vector satisfies the continuity equation 

il = o. (6) 

These points are known for a very long time. Here they are used in 
an analysis of the Dirac and the KG fields. In particular, a new aspect of 
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these requirements is shown here. Thus, it is proved that requirements A-C 
are necessary, but not sufficient, conditions for constructing a self-consistent 
expression for density of a quantum field theory. 

Let us begin with an analysis of the Dirac field. Here, the matter part of 
the Lagrangian density is (see [1], p. 84) 

£ = $[>f(id li -eA li )-m]if>, (7) 

As is well known, a 4-current is defined for the Dirac field 

f = $>fif,. (8) 

This 4-current satisfies requirements A-C. The density of (8) 

p = = ^i); (9) 

has been used recently (see [3], Section 2) in an analysis of the Dirac field. 
The results are: 

1. The conserved 4-current depends on tp and on the corresponding ijj, 
and is independent of the external field A^. Hence, one can use the 
positive definite density ip^ip and construct an orthonormal basis for 
the Hilbert space of solutions. This basis is not affected by changes of 
external quantities. 

2. The Dirac Hamiltonian operator is easily extracted from the Hamilto- 
nian density and is free of ip, tp and their derivatives. An examination 
of the fundamental quantum mechanical equation 

HtP = i^. (10) 

proves that this property is consistent with the linearity of quantum 
mechanics and with the superposition principle as well. 



3. Since the Dirac Lagrangian density is linear in the time-derivative 
dip/dt, the corresponding Hamiltonian density does not contain deriva- 
tives of ip with respect to time. The same is true for the Hamiltonian 
differential operator which is extracted from the Hamiltonian density. 
Hence, in the case of a Dirac particle, the fundamental quantum me- 
chanical relation (10) takes the standard form of an explicit first-order 
partial differential equation. Here a derivative with respect to time is 
equated to an expression which is free of time derivatives. This prop- 
erty does not hold for Hamiltonians that depend on time derivative 
operators. 

4. If the Dirac Hamiltonian is substituted into (10) then one finds that 
it agrees completely with the Dirac equation obtained as the Euler- 
Lagrange equation of the Lagrangian density of the Dirac field. This 
property means that the Dirac's Euler-Lagrange equation does not im- 
pose additional restrictions on the Hamiltonian's eigenf unctions and on 
their corresponding eigenvalues. 

5. The term eA 11 of the Dirac Hamiltonian correctly represents electro- 
magnetic interactions. 

These results prove that the construction of the Dirac Hamiltonian pro- 
ceeds in a straightforward manner and that self-consistent expressions are 
obtained. It is shown below that results of the KG field are inconsistent with 
points 1-5 above. 

Now let us turn to the KG equation. Here one finds two kinds of fields: 
one kind of fields uses complex wave functions and the second kind uses real 
wave functions. The former is used for describing charged KG particles and 
the latter is used in the Yukawa Lagrangian density. The discussion begins 

6 



with the complex fields. 

The Lagrangian density of the complex KG fields can be found in Section 
3 of [4] (The following expressions are written in units where H = c = 1) 

C= (0; o -^0*)(0, o + ^\/0)-^(0; fc +^eA fc 0*)(0, fc -2eA fc 0)-m 2 0V- (11) 

k=i 

Here, as usual, the symbol denotes the KG wave function. V and Ak denote 
the scalar and the vector potentials, respectively. Using, methods which have 
become standard, the Authors of [4] obtain the Hamiltonian density 

H = (0; o - ? e\/0*)(0, o +^\/0) + ^(0; fc + ? eA fc 0*)(0 ifc - ? eA fc 0)+m 2 0*0- (12) 

fc=i 

A 4-current is obtained for this theory and it is shown that it satisfies require- 
ments A-C obtained earlier in this work. Thus, the density of this 4-current 
is (see eq. (42) therein) 

^ = W,o-^)-2eW (13) 

and the corresponding 3-current is (see eq. (43) therein) 

j = i((V4>*)<t> - 0*V0) - 2eA0*0. (14) 

An examination of the Hamiltonian density (12) reveals an alarming as- 
pect. Thus, (12) contains time derivatives of the wave function. It follows 
that if a Hamiltonian can be constructed then the Hamiltonian density is 
expressed in terms of the Hamiltonian whereas in (4) the Hamiltonian is ex- 
pressed in terms of the Hamiltonian density. Certainly, this is an undesirable 
situation. However, it is proved below such a Hamiltonian does not exist. 

The problem of extracting a covariant differential operator for the Hamil- 
tonian of the complex KG field is discussed in Section 3 of [3], where it 
is proved that this task cannot be accomplished. The proof examines the 
highest time derivatives of 0*, in the Hamiltonian density (12) and in the 
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density (13). For (12) one finds a symmetric expression 0*00,0 whereas the 
density (13) contains the antisymmetric term 0*0 5 o — 0*o0- Using self-evident 
arguments, one infers from these properties that there is no covariant differ- 
ential operator for the complex KG equation. This conclusion is consistent 
with the contents of the available literature. 

Let us turn now to the problem of constructing a Hamiltonian matrix 
of the KG equation. Here one should define a self-consistent inner product 
(<f)*, 0j) for the Hilbert space and construct an appropriate orthonormal basis. 
This basis is used in a calculation of the Hamiltonian matrix elements. Hence, 
the density expression (13) must be used. It is proved below that such an 
inner product cannot be constructed for the complex KG field. 

Consider 2 states of a positively charged particle written in spherical polar 
coordinates 

Mfr,9, V ) = e^ t f (r)Y 00 (9, V ), (15) 

Mfr,9,v)=e^ t f 1 (r)Y w (9,v). (16) 

where Y [m are the ordinary spherical harmonics (see [5], pp. 510, 511). The 
radial functions f(r) belong to the lowest energy of the corresponding an- 
gular momentum. Hence, they do not change sign and fi(r) > 0. Using the 
expression for density (13), one examines the inner product of these functions 
in the case where the external potential V vanishes. In this case, one finds 
that the density is 

P = i{4>l4>ifi - 0S,o0i) ( 17 ) 

Substituting (15) and (16) into the density (17) and performing the integra- 
tion, one finds 

J (u + u 1 )(f) (t,r,9,^)(p 1 (t,r,9,^)r 2 sin(9)drd9d(j) = 0, (18) 
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where the null result is obtained from the orthogonality of the spherical 
harmonics Y 00 (9,if) and Y w (9,ip). 

Now, let us examine these states in the case where an external positively 
charged particle moves towards the origin along the z-axis and z > 0. Hence, 
in this case, the external potential V varies in space-time and so does the 
density (13). Substituting the new expression for the density into the integral 
(18), one finds after a straightforward calculation that the orthogonality of 
0o and 0i is destroyed. Indeed, the contribution of the last term of (13) to 
the inner product is 

U = j -2e<p (t,r, 9,^^(1^,9, if)r 2 sin(9)drd9d<p (19) 

Let us examine the integrand at two volume elements defined at points 
Pi(r,9,ip) and P2(r,ir — 9, if), where 9 < n/2. The product o 0i changes 
sign at Pi, P2. On the other hand, V(r, 9, if) > V(r, n — 9, if). Hence, U ^ 
and the inner product is destroyed. 

This result proves that it is impossible to construct a self-consistent inner 
product for the Hilbert space of complex KG functions. It follows that a 
Hamiltonian matrix cannot be constructed for this field. 

This discussion completes the proof that the complex KG field has no 
self-consistent expression for density and that its Hamiltonian cannot be 
constructed. Another result is that requirements A-C are only necessary 
conditions for a physically self-consistent expression for density of a quan- 
tum field. Indeed, the 4-vector whose entries are ( 13) and ( 14) satisfies 
requirements A-C (see Section 3 of [4]) but it is physically unacceptable. 

Let us turn to the case of the real KG field. Using the results of the 
complex KG equation, one concludes that, in this case, there is no expression 
for density. Indeed, substituting 0* = in (13), and remembering that a real 
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KG field cannot carry charge, one finds that the density of a real KG field 
vanishes identically [6]. 

The foregoing discussion can be used for a derivation of another discrep- 
ancy of the KG equation. Here the dimension of the field function is exam- 
ined. Thus, in the Lagrangian density of the Dirac field (7), the dimension of 
the operator is [L~ x ]. Hence, since the dimension of the Lagrangian density is 
[L~ 4 ] , one finds that the dimension of the Dirac field function is [L~ 3//2 ] . On 
the other hand, the dimension of the operator in the KG Lagrangian density 
is [£~ 2 ]. Hence, the dimension of the KG field function is Therefore, 
it is concluded that the nonrelativistic limit of the KG equation disagrees 
with the Schroedinger equation, because here ip*ip represent density (see [7], 
p. 54) and ip has the dimension [L~ 3 / 2 ]. 

An examination of contemporary textbooks on quantum field theory in- 
dicates that, at least in the case of the KG equation, the validity of a density 
expression is generally taken for granted when the Hamiltonian is derived 
from the Hamiltonian density (see e.g. [1], p. 26; [8], pp.21, 22; [9], pp. 
16-19 etc.). This work proves that density plays a significant role in the 
structure of quantum theories and that it deserves an appropriate discussion 
in textbooks. 

The issues of the Dirac and the KG equations has a long history of de- 
bates. In particular, Dirac maintained his opinion stating that the KG equa- 
tion has no physical merits (see [8], pp. 7, 8 and [10]). Other people have 
adopted a different opinion and most (if not all) of contemporary textbooks 
discuss the KG field as a physically meaningful field. For the most of the 
time elapsed, this controversy was based on pure theoretical arguments. This 
situation has changed during the last decades because new experimental data 
have been accumulated. Thus, the KG field function depends on a single 
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set of space-time coordinates. Hence, like the Dirac field ip, it describes a 
structureless pointlike particle. Now, experimental data tell us that unlike 
Dirac particles (electrons, muons, quarks etc.), the existence of pointlike KG 
particles has not been established. In particular, it is now recognized that n 
mesons, which are regarded as the primary example of a KG particle, contain 
a pair of quark and antiquark and are not pointlike particles. 

This state of affairs help people take the right course and seek for theo- 
retical arguments that explain why Nature is so unkind to the KG theory. 
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